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* Tevo gools of this seclion -
" To find quick tests on a symmetric matrix that guarantee positive eigenvalues.

. To explain two applications of positive definiteness.
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6L The eigenvalues of A are positive if and only if a > 0 and ac — b* > 0.

Qé" A;[‘??J AaS o =<, &G—AL:_ B—>8 =2>0

A has ﬁoSTt?(/e/ Q;i%t/a_/ute,&

6M The eigenvalues of A = AT are positive if and only if the pivots are positive:

ac — b*

a=>0 and > ().

a

&« [; gjl has a negative determinant and pivot. So a negative eigenvalue.



Definition The matrix A is positive definite if xT Ax > 0 for every nonzero vector:

xTAx =[x y][g i:} [i]: axz-l-ﬁbxyﬂ-r:yz:rﬂ..

Example 2  This matrix A is positive definite. We test by pivots or determinants:

A = [é 3 ] has positive pivots and determinants (1 and 3).

More directly, xTAx = x? 4+ 4xy + 7y* is positive because it is a sum of squares:

Rewrite x*+4xy +Ty> as (x +2y)* + 3y%.
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The function f = xT Ax has a minimum at x = y = 0 if and only if A is positive definite

Example 3 Is f(x, y) = x* + 8xy + 3y* everywhere positive—except at (0, 0)?
Solution S
2 2 14 X
X"+ 8xy +3y" =[x y][4 .3] [y]
The matrix has ac — b*> = 3 — 16. The pivots are 1 and —13,

oL The mdsx Ts el ;Dosif/\/e/ rale .

Example 4  For which numbers ¢ is x? + 8xy + ¢y* always positive (or zero)?

Solution A= (:!], j] O az| >0
D qe—-bZ= c-t6
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Figure 6.4
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1.  The tilted ellipse is associated with A. Its equation 1s

The tilted ellipse 5x% + 8xy 4+ 5y = 1.

—

Lined up it is 9X% + ¥% = 1.

bedond.

&T

ITAI = 1.

2. The lined-up ellipse is associated with A. Its equation is XTAX = 1.

3.  The rotation matrix from x to X that lines up the ellipse is Q.

6P Suppose A = QAQ" is positive definite. The graph of xTAx =1 is an ellipse:

[x y]oAQT [';] =[X r]A [ﬂ =X+ Y =1,

The half-lengths of the axes are 1/4/A] and 1/J/A;.



Example 7 Find the axes of this tilted ellipse 5x% + 8xy +5y% = 1.

Solution s 470« 5 4

The function is [x y] [4 5} [},] =1.  The matrix is A= [4 5}
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A=8287 = []gh alls VAl A

Cx 33 [} 4] m - L% 3350 0 1Bl (36]

= C ~y\? x+vy
"? 5x2+8xy+5}'2=9(f-}2—};) +l(xﬁ}) ﬁ =X and 7% =Y
' J

The ellipse becomes 9X> + ¥ = | 7%@, / a)ﬁz@‘i vod ue bf X = _%/—
B X-4
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6N When a 2 by 2 symmetric matrix has one of these four properties, it has them all:

1. Both of the eigenvalues are positive.
2. The 1 by I and 2 by 2 determinants are positive: a > 0 and ac — b* > 0.

3. The pivots are positive: a > 0 and (ac — b?)/a > 0.

4. The function xTAx = ax? + 2bxy + cy? is positive except at (0, 0).

60 When a symmetric matrix has one of these four properties, it has them all:
1. All n eigenvalues are positive.

2.  All n upper left determinants are positive.

3. All n pivots are positive.

4. xVAx is positive except at x = 0. The matrix A is positive definite.

® REVIEW OF THE KEY IDEAS =

1.  Positive definite matrices have positive eigenvalues and positive pivots.
2. A quick test is given by the upper left determinants: a > 0 and ac — b* > 0.
3. The quadratic function f = xT Ax then has a minimum at x = 0:

xTAx = ax? + 2bxy + cyz Is positive except at (x, y) = (0, 0).

4. The ellipse xTAx =1 has its axes along the eigenvectors of A.

5. Coming: ATA is automatically positive definite if A has independent columns.



